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^ , Abstract 

CN ! We prove the exponential ergodicity of the transition probabilities of solutions to 

elliptic multivalued stochastic differential equations. 

Resume 

Oh 

ch 1 On prouve l'ergodicite exponentielle des probabilites de transition des equations 

^ . differentielles stochastiques elliptiques. 

1. Introduction and Preliminaries 
Consider the following stochastic differential equation: 
)Q dX t = b(X t )dt + a(X t )dW t , X = x, (1) 



O 

in 
o 



where b : R. d — > W 1 and a : lR d — > W 1 ® M. n are continuous functions, (W t )t^o is an 
n-dimensional standard Brownian motion defined on some complete probability space 
(Q, J 7 , P). When a is a uniformly elliptic square matrix and a and b satisfy some regular 
conditions (more precisely, (HI), (H2) and (H4) below), it is recently proved in [6] that 
the solution is exponentially ergodic. 

On the other hand, under the same uniform elliptic assumption and an additional one 
that cr and b are Cf , Cepa and Jacquot proved in [2] the ergodicity for the solution of the 
?-h ■ following stochastic variational inequality (SVI in short): 



dX t + dip{X t ) 3 b(X t )dt + a(X t )dW t , X =xe Dom(p), (2) 

where dip is the sub-differential of some convex function ip with a compact domain 
Dom(yj) = {x : ip(x) < oo}. 

A common drawback of the above two papers is the uniform elliptic assumption of the 
diffusion coefficients. The purpose of the present paper is to remove this assumption and 
instead assume only the ellipticity. Our main result as stated in Theorem 12 . 1 1 below unifies 
and improves the main results of both of [6] and [2]. In particular, our result applies to 
stochastic variational inequalities defined on non-compact domains. Furthermore, we do 
not need to assume that the diffusion matrix is square and our method even works for 
general multivalued stochastic differential equations (MSDEs in abbreviation): 



dX t + A(X t )3b(X t )dt + a(X t )dW t , X = xeD(A), (3) 
where A is a multivalued maximal monotone operator on M. d with lnt(D(A)) ^ 0. 
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Now we introduce notions and notations. Given an operator A from M. d to 2 M , define: 

D(A) := {x G R d : A{x) + 0}, 
Gt(A) := {(x, y) G M. 2d : x G R d , y G A(z)}. 

Then A is called monotone if (yi — y 2 , X\ — x 2 ) ^ for any (xi,yi), {x 2 , y 2 ) G Gr(/1), and 
A is called maximal monotone if 

(x u y x ) G Gr(A) & ( yi - y 2 , x x - x 2 ) ^ 0, V(x 2 , y 2 ) G Gr(A). 

Definition 1.1. A pair of continuous and {JF-t}- adapted processes (X,K) is called a so- 
lution of (T3|) if 

(i) X = x , X t G D(A) a.s.; 

(ii) K is of locally finite variation and Kq = a.s.; 

(Hi) dX t = b(t, X t )dt + a(t, X t )dW t - dK t , < t < oo, a.s.; 

(iv) For any continuous and {Ft) — adapted functions {a, j3) with {a t , (3 t ) G Gr{A), Vt G 
[0, +oo) ; the measure (X t — a t , dK t — f3 t dt) is positive. 

We make the following assumptions: 
(HI) (Monotonicity) There exists Ao 6 M such that for all x,y G M d 

2{x-y,b{x)-b{y)) + \\a{x) - a{y)\\ 2 ns «C A |x - y\ 2 {l V log \x - y^ 1 ). 

(H2) (Growth of a) There exists Ai > such that for all x G M. d 

IKz)||hs ^ Ai(l + \x\). 

(H3) (ElHpticity of a) 

aa*{x) > 0, Vx G R d . 

(H4) (One side growth of b) There exist a p ^ 2 and constants A3 > 0, A4 ^ such that 
for all xeR d 

2(x,b{x)) + \\a{x)\\ 2 iS < -A 3 |a;| p + A 4 . 

Theorem 1.2. Assume (HI) and (H2) hold. Then |3)] has a unique strong solution. 

Proof. The existence of a weak solution is proved in [2] and the pathwise uniqueness 
can be proved in a more or less standard way using a version of Bihari inequality (see 
[5]). Finally by Yamada-Watanabe's theorem the existence of a unique strong solution 
follows. □ 

Let {X t {x),t ^ 0,x G E} denote the unique solution to (j3J). It is obviously a Markow 
family and its transition semigroup and transition probability are defined respectively as: 

P t f{x ) := Ef{X t {x )), t > 0, / G B b {R d ) 

and 

P t {x ,E) :=P{X t {x )eE), 

where Xq G E and Bf,{M. d ) denotes the set of all bounded measurable functions on M. d . 
For general notions (e.g., strong Feller property, irreducibility, ergodicity, etc) concerning 
Markov semigroups, we refer to [21 [6] . 
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2. Main Result 

Now we state the main result of the paper. 

Theorem 2.1. Assume (H1)-(H3). Then the transition probability P t of the solution to 
|3)] is irreducible and strong Feller. If in addition, (H4) holds, then there exists a unique 
invariant probability measure \l of P t having full support in D(A) such that 

(i) If p ^ 2 in (H4) ; then for allt>0 and xq G D(A), fi is equivalent to Pt{xo, ■), and 

lim ||P t (x , •) - //||var = 0, 

t— >co 

where \\ ■ ||v a r denotes the total variation of a signed measure. 

(ii) If p > 2 in (H4), then for some a,C > independent of xq and t, 

\\P t (x ,-)-fi\\ Yai ^C-e- at . 



Moreover, for any q > 1 and each ip G L q (D(A), fi) 

\\P t <p - fjt(<p)\\ q < C q ■ e- at ! q \\<p\\ q , Vt > 0, 
where a is the same as above and fi(<p) '■— f D r A \ <p(x)[i(dx). In particular, let L q be 
the generator of P t in L q (D(A), fi) . Then L q has a spectral gap (greater than a/q) 
in L q (D(A), fi). 

The proof consists in proving the irreducibility and strong Feller property. 
2.1. Irreducibility. 

Lemma 2.2. Suppose yo G Int(D(A)), m > 0, and Y t is the solution to the following 
MSDE: 

dY t + A(Y t )dt 3 -m(Y t - y )dt + a(Y t )dW t , Y = x , 
where a is the diffusion coefficient of (Tj|). Then under (HI) and (H2) we have 

C 
C(m)' 

where C(m) = 2(m - 2\j - 1/2) and C = 2Af(l + 2\y \ 2 ) + \ A°(y )\ 2 . Here A is the 
minimal section of A and \ A°(y )\ < +oo because y<y G Int(D(A)) (see 

Proof. The proof is adapted from [2] . Consider the solution Y t n to the following equation: 

dY t n + A n (Y t n )dt = -m(Y t n - y )dt + a(Y t n )dW t , Y n = x 

where A n is the Yosida approximation of A. From [1] we know that A n is monotone, 
single-valued and |A n (x)| /* \A°(x)\ if x G D(A), where A° is the minimal section of A. 
Moreover, since the law of Y t n converges to that of Y t , it is enough to prove the inequality 
for Y t n . Hence by (H2) 



E|^- 2 /o| 2 <e- C7 ^|x - 2/o | 2 + 





—2m\x 


-yo\ 


2 + lk(^)llHS-2(A n (x),x-y ) 




—2m x 


-yo\ 


2 + A 2 (l + \x\) 2 - 2(A n (x) - A n {y ),x - y Q ) - 2(A n {y ),x - y ) 




—2m x 


-Vol 


i + X j(l + \x\) 2 + \x-y \ 2 + \A°(y )\ 2 




—2m x 


-Vol 


2 + 2X1(1 + 2\x - y \ 2 + 2\y \ 2 ) + \x - y \ 2 + \A°(y )\ 2 




-C{m) 


\x — 


Vol 2 + C , 



Thus, by Ito's formula we have 
d 
dt 



l-E\Y t n -y \ 2 = -2E((Y t n -yo,A n (Y t n )}) + nTT(aa*(Yn)}~2mE\Y t n -y \ 



?, 



< -C(m)E\Y t n -y \ 2 + C . 

Therefore 

E|Y" - y | 2 < e- c ^|xo - 2/o| 2 + ' '' 



C(m)' 

□ 

Proposition 2.3. Under (H1)-(H3) ; the transition probability P t is irreducible. 



Proof. It suffices to prove that for any xq G D(A), T > 0, yo G lnt(D(A)) and a > 0, 

P T (x , B(y , a)) = P(X T (x ) G B(y Q , a)) = P(\X T {x ) - y Q \ ^ a) > 0, 
or equivalently: 

P(\X T (x )-y \ > a) < 1. 
Fix a, T and j/o- By Lemma T2. 21 and Chebyshev's inequality, we can choose an m large 
enough such that, denoting by (Y t , K t ) the unique solution to 



dY t + A(Y t )dt 3 -m(Y t - y )dt + a(Y t )dW t , Y = x G D(A), (4) 

we have 



P(\Y T (x Q ) - y \ >a)<: (e- c{m ^\x - y \ 2 + /a 2 < 1. 



(5) 



Set 

r N : = inf{t : |y f | ^ N}. 

Note that by 



E 



sup |l*(a;o)| 
te[o,T] 



^ C 



for some constant C depending on xq, yo, X\, m and T. Thus we may fix an N so that 

P(t n < T) + P(|y T (%) - 2/o| > a) < I- (6) 

Define 

U t := a{Y t r[a{Y t )a{Y t y}-\-m{Y t - y ) - b(Y t )) 

and 

J U s dW s --J \U s \ 2 ds 

Since |f/Mrjv| 2 is bounded, E[Z T ] = 1 by Novikov's criteria. 

By Girsanov's theorem, W£ := W t + V t is a Q-Brownian motion, where 

rtAT N 

V t := / U s ds, Q:=Z T P. 
Jo 

By (0) we have 

g({r w < T} U {|F T (a; ) - y | > a}) < 1. (7) 
Note that the solution (Y t , K t ) of (SJ) also solves the MSDE below 

✓•t pt pt/VTN pt 

Y t + / A(Y s )ds 3 / ff (Y s )diy; + / b(Y s )ds - / m(Y s - j/ )ds. 

JO JO JO Jthr N 

Set 

0jv := inf{t : \X t \ ^ JV}. 
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Then the uniqueness in distribution for (TjJ yields that the law of {(X t l{e N ^T})te[o,T], @n} 
under P is the same as that of {(Y t l{ TN ^T})t£[o,T\, t n} under Q. Hence 

P(\X T (x )-y \ >a) < P({e N ^T}U{e N ^T,\X T (x )-yo\>a}) 

= Q({tn ^T}U {t n > T, \Y t (x ) - y \ > a}) 
< Q({t n ^ T} U {\Y T (x ) - y \ > a}) < 1. 

□ 

2.2. Strong Feller Property. The proof of the following lemma is plain by using Kol- 
mogorov's lemma on path regularity of stochastic processes. 

Lemma 2.4. Denote by (X t (x) , K t (x)) the solution of (T3|) with inital value x. Then for 
any p > d, there exists t p > such that for all r > 



E 



sup \X s (x)\ p 



< OO, 



where D r := D(A) D {\x\ < r}. 

Proposition 2.5. Under (H1)-(H3), the semigroup P t is strong Feller. 

Proof. We divide the proof into two steps. 

Step 1: Assume that there exists a A 2 > such that || [cr*cr] _1 ||hs ^ A 2 . Consider the 
following drift transformed MSDE: 

dY t + A(Y t )dt 3 b(Y t )dt + a(Y t )dW t + \x - yo\ a j^ • Wr t} ' ^-{t<r}dt, 
Y = yo eD(A), 1 ' 

where a G (0, 1), X t is the solution to (EJ) and r is the coupling time given by 

r :=inf{t>0: \X t - Y t \ =0}. 

An argument similar to [6] allows to prove it admits a unique solution. 
For T > define 

- pTAr 1 pTAr 

Ut '■= exp 



r± AT i M AT 

/ (dW s ,H(X s ,Y s )}-- / \H(X s ,Y s )\ 2 ds 
Jo * Jo 



and 



where 



tAr 



W t :=W t + / H{X S , Y s )ds, 
'o 



H(x,y) := \x - y \ a ■ a*(y)[aa*(y)] 



-ix-y 

\x - y\ 



Since || [cxcr* (2/)] ||hs ^ A2, we have 

\H(x,y)\ 2 ^\ 2 -\x -y \ 2a . 

Thus, 

EU T = 1 and EC/| < exp [\ 2 T ■ \x - y \ 2a ] . 
By the elementary inequality e r — 1 ^ re r for r ^ 0, we have for any |x — 2/0 1 ^ V> 

(E\1-U T \) 2 ^ Ell - U T \ 2 = EE/2 - 1 



< exp [A 2 T • |x - yo| 2a ] - 1 



^ Ct,\ 2 , v ■ \x - y 
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2a 



(9) 



and 

(E[(1 + U T )1 {T>T} }) 2 < (3 + EU T )-P(r^T) 

< Ct,\ 2 , v • P((2T) Ar >T) 

< Cx,\ 2 ,n ' E((2T) A t)/T. (10) 

First applying Ito's formula to \J\Z tf ^ T \ 2 + i where Z s := X, — Y,, then letting e j. 0, and 
finally taking expectation, we have by (HI), 

E|X iAr - Ft Ar | ^ |s - y \ - |x - y \ a ■ E(t A r) + / p^(E|X sAr - F sAT |)ds, 

which implies by Bihari inequality that for any t > and |xo — ?/o| < ^ 

E|X tAr ->W| ^ |x -2/o| cxp{ " Aoi/2} 

and thus 

E(t At) ^ \x - yol 1 -* + ^fp v (\x - y o r^ot/2}) . \ XQ _ y() |-« (n) 

Taking a = exp{— X T}/2, there exists an < r( < r\ such that for any |x — Z/o| < V 
E((2T) Ar)< C T , W • \x - 2/o |-p{-AoT}/2_ (12) 

But by Girsanov's theorem, (Wt)te[o,T] is still a n-dimensional Brownian motion under the 
new probability measure Ut • P- Note that (Y t ,K t ) also solves 

dF t + A{Y t )dt 3 b(Y t )dt + a(Y t )dW t , Y = y . 

So, the law of X T (y ) under P is the same as that of Y T (y ) under Ut ■ P. Thus by 
(HDD and (H2D, for any / G 5 6 (R d ), 

|^t/W - Pt/(2/o)| = \E(f(X T {x )) - U T ■ f{Y T (y )))\ 
^ E |(1 - U T ) ■ f{X T (x )) ■ l {rm \ + E\{f{X T (x )) - U T ■ f{Y T (y ))) ■ 1 {t >t } \ 
^ H/llo ■ E|l - U T \ + ||/||o ■ E [(1 + U T )1 {T>T} ] 
< C riAo , A2 ,,-||/||o-|xo-yo| cxp{ - Aor}/4 . 

Step 2: Now we prove the proposition under (H3). By the Markov property of the 
solution, we only need to prove that for every / e Bb{R d ), x h-> Ptf(x) is continuous on 
D r for all t ^ t p , p > d where p and t p are specified in Lemma [2.41 Set 

Co := II/IIoq 

and 

r := inf J t > : sup |X t (x)| > N 

Let e > be given. For t ^ t p , by Lemma 12.41 and Chebyshev inequality, there exists 
N > r such that 

/N p < e. (13) 
Define 

a{x) := a(x), V|x| sC N. 
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P(r^T) = P sup \X t (x)\>N ^E 



sup 

x£D r ,t^t„ 



\XAx) 



Extend a to the whole R d such that it satisfies the condition (HI) to (H3). Denote by 
X t (x) the solution to (j3j) with a replaced by a. By Step 1, there exists a 5 > such that 
if \x — y\ < 5 and x, y G _D r , 



Hence 



\E[f(X t (x))]-E[f(X t (y))]\<s. (14) 

|E[/(X t (a;))]-E[/(X t (y))]| 
^ |E[(/(X t (x)) - f(X t (y)))l {T>T) )\ + \E[(f(X t (x)) - f(X t (y)))l {T<T) }\ 

< |E[(/(X t (x)) - /(X t (3/)))l (T>r) ]| + 2c e 

< |E[/(X t (x)) - f(X t (y))}\ + \E[(f(X t (x)) - f(X t (y)))l (T<T) }\ + 2c s 



^ (l + 4co)e. 

Now we are in a position to complete the proof of Theorem 12. 11 
Proof, (i) By Ito's formula and (H4), we get 

E|X 4 | 2 = |x | 2 + 2 f E(X s ,b(X s ))ds-2 [ E(X s ,dK s ) + [ E||<7pQ||| s ds 
Jo Jo Jo 

< |x | 2 + [ E{-X 3 \X S \ P + X A )ds. 



□ 



Taking derivatives with respect to t and using Holder's inequality give 

Jrpl v 12 

< -A 3 E|Xr + A 4 ^-A 3 (E|X| 2 r/ 2 + A 4 . 
Since A3 > we have for all t > 0, 



^ / E|X s | 2 ds s= A4/A3. 
t Jo 



Therefore by Krylov-Bogoliubov's method (see [3]), there exists an invariant probability 
measure //. As we have just proved, P t is strong Feller and irreducible. Then, again by 
[3J, \i is equivalent to each P t (x, •) with a; G _D(v4),t > and consequently (i) holds. 

(ii) If p > 2, consider the following ODE: 

f(x) = -A 3 /(x) p / 2 + A4, /(0) = |x | 2 . 
By the comparison theorem (cf. [3]), there exists some C > such that 

E|X t | 2 < f(t) ^C(l + t 2/(2 - p) ). 



We also have 



inf P t (x , B(0, a)) > 0, Vr, a > 0, t > 

i €-B(0,r) 



because of the strong Feller property and irreducibility. Therefore (ii) holds due to The- 
orem 2.5 (b) and Theorem 2.7 in j3]. □ 
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